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Conformally Flat Space-Time of  Spherical Symmetry 
lsolropie C ~ r ~ e s  

B. K U C H O W I C Z  

of ga~ch~,ra~, and gadiaa, ra Chem~ry, 

When we study spherical/y symmetric dls~libm~-n~ ~ .~'~-~,,-'trged, ~ffetzt_ ilukl hi 
gen~l  relativity; a general expression giving the mez~ ~ be ogtzdned under the 
assumption that tee space-time is conformalty flat. Formulae for the ~r,.-'~c, ~,a~ez 
deofitv and pressure are given in isotropic coordinates. 

Co~ormaHy flat ~ ~  constitute, a e especially important class of  
', ~ t~e space-times o~. Riemannian space-times; it is suffi~ent to merit/on ~ _,. " 

relativistic cosmology belong here. It is also a w e ! M m o ~  f u t u r e  of the 
internal Schwarzschild solution (~:hwarzschild, 1916) that its metric J~ 
conformaHy fiat. It may be easily demovstrated that this is the only stat~c 

: and spherically symmetric solution of  the Einstein equations that is con- 
formally flat. Now it could be asked Wi~h respe~ to the non-~atJc soIutions 
o f  Einstein's equations in the case of  spherical symmetD" whether it is 
possible to obtain exact expressions for extensions of the in~maI S@warz- 
schild solution. 

A search for non-static solutions o f  Einstein's equations for a perfect 
fluid-will be 'made in the isotropic coordinates in which the metric has the 
form 

ds*= -e~(d, -2 + r2 d9 z + r~'sinz od~p2) + e* dt 2 (1) 

The advantage of  the isotropic coordinate system over other one~ is d u e t o  
the fact that the line element of  any spherically symmetric space-time can 
be brought  into the form (!). The deta/ied form of  Einstein's field equations 

~ ' �89 ~ =-8~Tr ~ (2) 
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~dth the meuic ({) is given in Section 3 o f  a previous paper (Kuchowicz, 

here: g l ~ =  T ~ - T ~ ' - -  - .,~ . - .  ~ - - y ,  T~  = p, where p is the enerK~' density, and 
p pressure, as measured by z total cemoving ob~rver .  Now, the condO*ion 
of  p~ssure isotrepy (~i* = T~ 2) leads to the following relatio~: 

)g + e ~ 
v~ + ~ + t ( r  2 " q - v ' ~  ' = 0  O) 

- t '  

Here dots ~ o t e  differentiation with respect to t, and primes with r e s ~  

A n o ~  relation follows from the condition T4Z,= 0: 

, t ' .  �89 = o (4) 

It ~ $  sbow~ i~ the, p ~ d o n s  pa~er-,_(Kuehowicz. !97, l) that whh a solution 
o f e q u a t i e e  (4),  

e "n = I F ( t )  (5) 

we obtain from equation (3) a ~artiai differential equation for the funt~:,o~ 
2 only. 

Use witl now be made from the conditio~a of  confon-nal flatness of  o ~  
spac~time. The conformal curvature tensor which i~ defined as 

+ ~ R ( g a . g . ,  - -  g ~ . g . . )  (6) 

should be equal to zero. Since in spherically symmetric space-times it has 
essentially one ivdepeadent component enIy. m~r condition Ieads to one 
reIa~on on!y: 

v" - 2" + t < r  - ~-')~ + - -  = 0 (7) 
t "  

T t ~  gives, after one-imegr~tion, 
4r 

2" - -  r '  --- F x ( t )  - r ~ (8) 

where F t ( t ) i s  an arbitrary function of" t~ When we insert th}s. and equatioP. 
(5) into equation (3), we have 

,t" - ~,~')= - ~ = o (9) 
u 

The latter equation has the same form as in the "- ' :  s . , . c  case (when the 
~nternal Schwarzschild solution is obtained), only the integration constants 
now become functions of t .  Finally we oba~.m 

Fa(t) . e" _ ( .  {F~(t)  - -  re~ ~ 



s FLAT SPAC'~,-'/TMF . ~,6|  

TS~ metric wilh the rotor arbitrary functio,~s F~(t) is the most general 

Tt):e eorres~)~di~g e x'pressions for energy de ,  sity and p~ssure are 

/ ~  4F~'~F, - r ~ }  IF,  F=- r ' J  

4 
8r ip --=. Fz(F~ - ,'=~) {2F, F a -  F 2  + r~ (Fx-  2F~)} 

F , ~ , F , - - r  ] ! s 4 , F J  

~_r~-r~ ~ , ~ !  +2___r~ 

( I f )  

From the expressions for e~ergy density a~ad p~e~su,-e ~t i~ easy Io se-c 

We have 

-- where the function cr is the solution o f  the two equations 

2 ~ " -  (6') = - 2a-- = 0 
/- 

6"-- � 8 9  = 0 

e~r 
[r 2 + 61t) . l l  2 

with tw5 arbkrary functions of time, G~(t) and G~(t). Energy density and 
pressure are now if G.. is constant 

8rip = G~t[12G2 -- 3(~z=] _ 

8rip = G~[(4 + 2(~,)r ~ + 2(7, ~z - 3~2 "~ -- 8G2] (!_6) 

(13) 

(14) 

(15) 

~ t  wken the functions F~ do  not depend e~ time. our zc,~:<ioa rzd~cc~ t~ 
the internal Schwarzschild solution. The-~lass~f-Rober~soa-Watker  
metrics may be obtained from our-expressions (I0) with the s~bstitution 
.E~--=_F:~ ~ . ~ s t a n L  The medic  we derived may-be thus used b~'~th for a 
description of g~eeral relativistic non-static spheres, along the lines 
presented in some previous papers (e.g. Kuchowicz, 1971), or  for cosmo- 
logical models. 

It seems to be worthwhile to mention that we have solved equation (7) 
provided ,V r v'. If this condition is not fulfilled then the general spherically 
s~nmemc metric has the form 

ds  2 = e ' [dt  z - dr z - rZ d,3 "- - r 2 sin z ~dq~ 21 (12) 
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We see that pressilre does not depend on~ provided we have 

.~( t )  =-12 + A~ t + A2 ii|7) 
and A,  are co~sta~s.  

T ~  solution (15) may be obiained fr~,~ equation (10) by thr fom~al 
substitmion F~(F~): = F3, F, = 0o Due 1o ~he fact that it is ~ss ib te  for any 
spherically symmetric space-t/me to apply *,he iSOtTopic coordinates~ ii is 
qwid(mt that  our formulae give the gen~r'ai conibrmaliy fiat metric of  
spherical syrm~etry~ in some cases this may be broughl into another form 
that would be coasis te~ with other coordfi~tc system~, e.g. fl~e ~non]cal 
onr 
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